Let N ≥ 1 be a square-free integer such that the modular curve X * 0 (N ) has genus ≥ 2. We prove that X * 0 (N ) is bielliptic exactly for 19 values of N , and we determine the automorphism group of these bielliptic curves. In particular, we obtain the first examples of nontrivial Aut(X * 0 (N )) when the genus of X * 0 (N ) is ≥ 3. Moreover, we prove that the set of all quadratic points over Q for the modular curve X * 0 (N ) with genus ≥ 2 and N square-free is not finite exactly for 51 values of N .
Introduction
Let X be a smooth projective curve defined over a number field K of genus g X at least two. In [9] , Faltings proved the finiteness of the set of points of X defined over K, denoted by X(K). After that, for a finite extension L/K, the natural object to consider was the set of points of X defined over all quadratic extensions of L, i.e. the set Γ 2 (X, L) := ∪ [F :L]≤2 X(F ).
In [13] , Harris and Silverman proved that the above set is not finite for some number field L if, and only if, X is hyperelliptic or bielliptic, i.e. the curve X × K K admits a degree 2 map to the projective line or to an elliptic curve over a fixed algebraic closure K of K. Moreover, from the work of Abramovich, Harris and Silverman, in [5, Theorem 2.14] it is proved that the set Γ 2 (X, L) is infinite if, and only if, X is hyperelliptic over L, i.e. there is a morphism φ : X → P 1 L of degree two defined over L, or X is bielliptic over L, i.e. there exist an elliptic curve E over L and a morphism φ : X → E of degree two defined over L, such that the L-rank of E is at least one.
This made the study of bielliptic curves a matter of deep interest for Arithmetic Geometry. This was developed for the modular world, because L-points of modular curves have a moduli interpretation on elliptic curves. The first work concerned the modular curves X 0 (N). The levels N for which the set Γ 2 (X 0 (N), Q) is finite are determined in [4] .
Later, different results determining the bielliptic curves among some modular curves recovering X 0 (N) can be found in [17] for X 1 (N), in [19] for X ∆ (N) and in [6] and [18] for X(N).
Two important tools to obtain such results are the following. First, if there is a morphism of curves X ։ X ′ such that X is bielliptic and the genus of X ′ is at least 2, then X ′ is hyperelliptic or bielliptic [13, Proposition 1] . One can use results about hyperelliptic modular curves, whose study has been widely treated in the last decades. Second, X is bielliptic if, and only if, there exists an involution of X fixing 2g X − 2-many points, where g X denotes de genus of X.
In this papr we consider the modular curves X * 0 (N). They are defined as the quotient of the modular curve X 0 (N) by the group of all Atkin-Lehner involutions, which is defined over Q. Its K-points, which are not cuspidal, correspond to K-curves with additional data from the level N. See [8] for further information.
Here, we restrict our attention to the case where N is square-free. Under such assumption, the modular curve X * 0 (N) corresponds to the quotient X 0 (N)/ Aut(X 0 (N)) and, thus, it does not have any natural automorphisms (in particular, involutions) coming from X 0 (N), except for N = 37. These curves have two properties that play an important role in the development of this article. On the one hand, all involutions of X * 0 (N) are defined over Q. On the other hand, the endomorphism algebra End(Jac(X * 0 (N)) ⊗ Q is isomorphic to the product of totally real numbers fields (cf. [3, §2] ). Any of these properties can fail when N is non square-free and the study of this case needs additional tools.
We point out that if X * 0 (N) is bielliptic, then a bielliptic quotient (i.e. the quotient of X * 0 (N) by a bielliptic involution), is an elliptic curve E defined over Q of conductor M|N with odd analytic rank, because the attached newform is invariant under the Atkin-Lehner involution w M . Hence, it is expected that the algebraic rank of E is odd.
In our case, the knowledge of the values of N for which X 0 (N) is bielliptic is not useful to obtain bielliptic curves X * 0 (N), because, in this case, these curves have genus at most one or are hyperelliptic. A new approach is needed to deal with our case and, here, we use a method given in [11] to discard automorphisms of certain order in the automorphism group of a curve defined over a finite field. In particular, this method allows us to deduce that the automorphism group is trivial for such values of N, when such method works. This approach behaves well for odd square-free integers N, when N is the product of two or three primes. When it fails, we use the usual method of reducing modulo a prime p to discard some situations. For the remaining cases, using a Theorem of Petri [22] , we implement a method to recognize whether a curve X * 0 (N) is bieliptic and compute equations for the elliptic quotient.
The main result of this article is the following. following table   genus  N  2  106, 122, 129, 158, 166, 215, 390  3  178, 183, 246, 249, 258, 290, 303, 318, 430, 455, 510  4 370
For these values of N, the automorphism group of X * 0 (N) has order 2 when its genus is greater than two, otherwise it is the Klein group.
Concerning Aut(X * 0 (N)), with N square-free and genus ≥ 2, it is known that it is an abelian 2-group (cf. [3] ). Moreover, when N is prime this group is nontrivial if, and only if, the genus of the curve is 2 and, in this case, the group has order 2 (cf. [3, Theorem 1.1]). In fact, it is expected that this group is trivial for almost all square-free N.
In this paper, we can observe that the Klein group appears naturally for genus two curves which are also bielliptic (cf. Remark 10). Moreover, we point out that a bielliptic curve could have several involutions and also more than one bielliptic involution when its genus is ≤ 5 (cf. [5, Prop.2.10] ). Nevertheless, this does not happen in our case when the genus is > 2.
As a by-product of this work, we also obtain the following result. Moreover, the group Aut(X * 0 (366)) has order 2, and the quotient curve has genus 2.
For many of these values (see Propositions 11 and 21) , this result is obtained by using the method to discard the existence of involutions, which was mentioned above. A Magma code to be applied in our case can be found in http://mat.uab.cat/~francesc/programmesXoestrellaMagma.pdf (this html page, also contains different codes in Magma for computing the genus of X * 0 (N) and its F p k -points). For the remaining values of the above proposition (see Propositions 16, 17, 23 and 24), Theorem of Petri is the main tool.
As for quadratic points, by the work of Hasegawa and Hashimoto (cf. [15] ), we know that X * 0 (N) is hyperelliptic with N square-free if, and only if, the curve has genus 2. When X * 0 (N) is bielliptic with genus > 2, the rank of the elliptic quotient turns out to be one. So we conclude Theorem 3. Let N > 1 be a square-free integer. Assume that the genus of the modular curve Theorem 3 holds when we replace Γ 2 (X * 0 (N), Q) with Γ 2 (X * 0 (N), K), where K is any number field. This is due to the fact that if X * 0 (N) is hyperelliptic or bielliptic over K, then it is hyperelliptic or biellitic over Q (cf. Lemma 4)
Preliminary results
Let N > 1 be an integer. We fix once and for all the following notation. We denote by g N and g * N the genus of X 0 (N) and X * 0 (N), respectively, and n is the number of primes dividing N. For any 1 ≤ d|N with (d, N/d) = 1 we have an involution w d ∈ Aut(X 0 (N)), called the Atkin-Lehner involution attached to d, and we denote by B(N) the group of all Atkin-Lehner involutions. We denote by New N the set of normalized newforms in S 2 (Γ 0 (N)), and New * N is the subset of New N consisting of the newforms invariant under the action of the group B(N). For an integer m ≥ 1 and a newform f ∈ New N , a m (f ) is the m-th Fourier coefficient of f . For an eigenform g ∈ S 2 (Γ 0 (N)), A g denotes the abelian variety defined over Q attached by Shimura to g. As usual, ψ is the Dedekind psi function.
In the sequel, N is square-free. We recall the following result of Baker and Hasegawa.
Lemma 4 (Corollary 2.6 in [3] ). The group Aut X * 0 (N) is elementary 2-abelian and every automorphism of X * 0 (N) is defined over Q.
From now on, we assume that X * 0 (N) has a bielliptic involution u. Let us denote by E the elliptic quotient X * 0 (N)/ u and by π the nonconstant morphism X 0 (N) → X * 0 (N) → E, which has degree 2 n+1 and is defined over Q. Let M be the conductor of E. It is well-known that M|N and there exist a morphism π M :
Since the gonality of X * 0 (N) is ≤ 4, by applying Proposition 4.4 in [2] , we obtain g * N ≤ 35. Nevertheless, this fact is not very useful in order to determine a finite set of possible values for N. The following lemma helps us to achieve this goal. Note that for a prime p ∤ M,
due to the congruence of Eichler-Shimura.
Lemma 5. The following inequalities hold:
Proof. Assume p ∤ N. We generalize the argument used by Ogg in [21] . Indeed, X 0 (N)(F p 2 ) contains 2 n cusps and at least (p − 1)
many supersingular points (cf. [2, Lemma 3.20 and 3.21]). Since there is a nonconstant morphism defined over Q from X 0 (N) to an elliptic quotient
If p|N, then X 0 (N)/F p is the copy of two curves X 0 (N/p)/F p , and the normalization of X * 0 (N)/F p is the curve X * 0 (N/p)/F p (cf. [10] ). If the reduction of the involution u is the identity, then g * N/p is the genus of E/F p . Otherwise, |X * 0 (N/p)(F p 2 )| is at most 2(p 2 + 1) or |E(F p 2 )|, depending on whether p | M or not. Keeping the above notation, we present the following lemma, which will used to discard some elliptic curves E for a value N.
Lemma 7. Let E ′ be the elliptic curve in the Q-isogeny class of E that is an optimal quotient of the jacobian of X *
Proof. The statement follows from the optimality of π N and the fact that the degree of π is 2 n+1 .
Remark 8. The degree D can be found in [7, Table 5 ].
Odd case
If N is odd, applying Lemma 5 for p = 2, we have ψ(N)/2 n ≤ 204. This fact implies n ≤ 3, except for the values N ∈ {3 · 5 · 7 · 11, 3 · 5 · 7 · 13}. The case n = 1 can be discarded, since Aut(X * 0 (p)) is trivial for all p except for g * p = 2 and, in this particular hyperelliptic case, the automorphism group has order two (cf. [3, Theorem 1.1]). We assume also that g * N ≥ 2 and apply Lemma 5 for the values gcd(N, 3) = 1 for which ψ(N)/2 n ≤ 186. There are exactly 146 values for odd N such that n > 1, ψ(N) ≤ 204 · 2 n (or ≤ 186 · 2 n if 6 ∤ N ) and all these cases satisfy 1 < g N ≤ 9 · 2 n+1 . More precisely, we have 100 cases for n = 2, 44 for n = 3 and 2 for n = 4.
We can reduce this list by considering the pairs (N, E), where E is the Q-isogeny class of the elliptic curves of conductor M|N such that its attached newform f E lies in New * M . From [7, Table 5 , Table 3 ], we obtain the degree D of π N , when M = N, and a 2 (f E ), a 3 (f E ) and a 5 (f E ). In particular, we know |E(F 4 )|, |E(F 9 )| when 3 ∤ M, and |E(F 25 )| when 5 ∤ M. For n > 1, we can discard the pairs (N, E) that do not satisfy the conditions in Lemmas 5 and 7. When g * N = 2, if an elliptic quotient of X * 0 (N) is not bielliptic, then we can discard N (cf. Remark 10). In particular, we discard N = 285 because the elliptic quotient of X * 0 (285) with conductor 285 does not satisfy Lemma 7. In Table 1 , we present the remaining possibilities, where the label of the elliptic curve E is the one in Cremona tables. Table 1 First, we examine the hyperelliptic cases in Table 1 , which correspond to those such that g * N = 2 (cf. [10, Theorem 2] ). Proof. For N = 129 and N = 215, the jacobian of X * 0 (N) is isogenous over Q to the product of two elliptic curves E 1 × E 2 , where E 1 has conductor N and E 2 has conductor M = 43. Hence, there exist two normalized newforms f 1 ∈ New * N and f 2 ∈ New * M such that the elliptic curves A f 1 and A f 2 are isogenous over Q to E 1 and E 2 respectively. The set of the regular differentials
For N = 129 and 215, it is clear that the curves have two bielliptic involutions (x, y) → (−x, ±y).
Remark 10. Assume that X * 0 (N) has genus two and has an elliptic quotient. Then, Jac(X * 0 (N)) is isogenous over Q to the product of two non isogenous elliptic curves E 1 and E 2 . If X * 0 (N) has a bielliptic involution u, then u * (E i ) = E i and their regular differentials ω 1 and ω 2 are eigenvectors of u. Hence, u * (ω 1 ) must be ±ω 1 and u * (ω 2 ) = ∓ω 2 . Therefore u * (x) = u * (ω 1 /ω 2 ) = −x and u * (y) is y or −y depending on whether u * (ω 2 ) is −ω 2 or not. In any case, y 2 = P (x 2 ) for a degree three polynomial P ∈ Q[x], and the automorphism group of the curve is the Klein group generated by u and the hyperelliptic involution w. Moreover, X * 0 (N) has two bielliptic involutions u and u · w and both elliptic curves are bielliptic quotients. Now, we will apply two sieves to discard some values of N. Both are based on the values of |X * 0 (N)(F p n )| for a prime p ∤ N. The first of them uses [11, Theorem 2.1], which allows us to detect some curves X/Q without involutions defined over Q, because Aut Q (X) ֒→ Aut Fp (X/F p ) for a prime p of good reduction for X (see [20, Prop.10.3 .38]). More precisely, for such a prime p and an integer n ≥ 1, consider the sequence
where mod [r, 2] denotes 0 or 1 depending on whether r is even or not, and µ is the Moebius function. Set Proof. For f ∈ New M , denote by K the number field Q({a n (f )} n≥1 ). Let p be a prime not dividing M. By the Eichler-Shimura congruence, the characteristic polynomial of Frob p acting on the Tate module of A f is
where σ runs over the set of all Q-embeddings of K into a fixed algebraic closure of Q. The jacobian of X * 0 (N) is isogenous over Q to the product 1≤M |N f ∈New * M /G Q A f , where G Q denotes the absolute Galois group Gal(Q/Q).
To compute |X * 0 (N)(F p n )|, we proceed as follows. By using Magma, we determine New * M for all M|N and, then, the characteristic polynomial R p (x) of Frob p acting on the Tate module of Jac(X * 0 (N)) is obtained as follows
Finally,
The statement follows from these computations: The second sieve is based on the following fact. For a degree two morphism of curves X → Y defined over Q and a prime p of good reduction for X, one has . After applying the two sieves, the following possibilities for the pairs (N, E), ordered by the genus, remain. Table 2 Finally, in order to decide which values N in Table 2 correspond to bielliptic curves, we shall use equations.
We recall that, for a nonhyperelliptic curve X defined over C with genus g > 2, the image of the canonical map X → P g−1 is the common zero locus of a set of homogeneous polynomials of degree 2 and 3, when g > 3, or of a homogenous polynomial of degree 4, if g = 3.
More precisely, assume that X is defined over Q and choose a basis
provides a system of equations for X, where L ′ 3 is any complement of the vector subspace of L 3 consisting of all polynomials that are multiples of a polynomial in L 2 . When X is neither trigonal nor a smooth plane quintic (g = 6), it suffices to take a basis of L 2 .
For the curve X * 0 (N) there exists a set of normalized eigenforms
as the product by −1 or the identity, because the endomorphism algebra End Q A g i ⊗ Q is isomorphic to a (totally real) number field.
We choose a basis
with ε i = ±1 for all i ≤ g * N and satisfying
Conversely, for a linear map u * as above satisfying condition (3.1), only one of the two maps ±u * comes from an involution of the curve, because we are assuming that X is nonhyperelliptic.
We particularize this fact to our case.
2) is satisfied. Conversely, since the curve is nonhyperelliptic the condition (3.2) implies that only one of the two linear maps
comes from an involution u of the curve. The genus g u of the curve X * 0 (N)/ u agrees with the number of differentials ω i invariant under the action of u. When g * N > 3, it follows that g u must be 1 because it cannot be g * N − 1 due to Riemann-Hurwitz formula. For g * N = 3, the genus g u must be different from 2, since otherwise the curve would be hyperelliptic (cf. [1, Lemma 5.10]).
If ω j is the differential attached to an elliptic curve, we need to check that the vector space
] of degree at most 1. Hence, P must be 0, otherwise P (ω 1 , · · · , ω g * N ) = 0.
Remark 15. Recall that, for each one of the normalized eigenforms
To get a basis of Ω
1
Ag i /Q we can proceed as follows. If dim A f i = 1, we take as basis g i (q) dq/q. When dim A f i = r > 1, the endomorphism algebra End Q (A f i ) ⊗ Q is generated by Hecke operators and is isomorphic to the totally real number field K i := Q({a n (f i )} n>0 ) of degree r. Let I be the set of Q-embeddings of K i into a fixed algebraic closure of Q. For every a ∈ K i there is a Hecke operator T such that
The two cusp-form h = σ∈I f σ i is nonzero because the coefficient of q is g. Hence, taking T such that a is a primitive element of K i , the set
is a basis of the vector space spanned by f σ i . Therefore,
is a basis of Ω The corresponding elliptic quotients are labeled as E61a1, E249b1, E101a1 and E65a1, respectively. In all these cases, the automorphism group has order 2. The automorphism groups of the remaining curves are trivial.
Proof. For these values of N, the splitting of the jacobian of X * 0 (N), J * 0 (N), is as follows:
We take a basis of Ω .
Taking into account the splitting of their jacobians and their equations, all their automorphism groups have order 2. The remaining curves have trivial automorphism groups. For instance, for N = 249, the linear map (ω 1 , ω 2 , ω 3 ) → (ω 1 , ω 2 , −ω 3 ) is the only option to be considered and Q(−x, y, z) / ∈ L 4 . For N = 185, none of the polynomials Q(−x, y, z),Q(x, −y, z), Q(x, y, −z) lies in L 4 .
Proposition 17. The curve of genus four X * 0 (399) is not bielliptic and its automorphism group is trivial.
Proof. The splitting of J * 0 (399) is:
In this case dim L 2 = 1. As in the previous proposition, we take a basis of Ω 1 X * 0 (399)Q following the order exhibited in the splitting of its jacobian. Next, we show a generator Q(x, y, z, t) ∈ L 2 :
Since Q(−x, y, z, t) / ∈ L 2 , the curve is not bielliptic. The conditions Q(x, −y, z, t),Q(−x, −y, z, t) / ∈ L 2 imply that the curve does not have any nontrivial involutions. 
As a consequence, we obtain the statement of Theorem 1 for N odd. 
Even case
By applying Lemma 5, we determine a finite set of possible values of N. Then, we proceed as in the odd case and we obtain the pairs (N, E) exhibited in Table 3 together the genera of X 0 (N) and X * 0 (N). As in the odd case, for g * N = 2 we can discard N = 154, 286 because both curves X * 0 (N) have an elliptic quotient of conductor N that does not satisfy Lemma 7. Table  3 is divided into 4 cases: 3 ∤ N, 6 | N and 30 ∤ N, 30 | N and 210 ∤ N and, finally, 210 | N. Table 3 As in the odd case, first we examine the hyperelliptic curves.
Proposition 20. All the curves of genus two appearing in Table 3 , i.e. X * 0 (106), X * 0 (122), X * 0 (158), X * 0 (166) and X * 0 (390), are bielliptic. Proof. For N ∈ {106, 122, 154, 158, 166, 286, 390} , the jacobian of X * 0 (N) is isogenous over Q to the product of two elliptic curves E and F of conductors N and M < N, respectively. We have that M = N/6 for N = 390 and M = N/2 otherwise. Let f E ∈ New * N and f F ∈ New * M be the corresponding newforms attached to these elliptic curves. The functions
provide the following equations
In all cases, one has the involutions (x, y) → ±(−x, ±y). Proof. We put n(N, E, p 9  58a  5  370  3  185a  2  402  5  201a  2  410  13  82a  1  438  25  219c  12  474  25  79a  10  11  158b  7  498  11  83a  5  7  166a  3  7  249a  1  13  249b  5  530  25  106b  35  7  265a  8  534  5  89a  2  574  9  82a  4  590  9  118a 2 5  101a  2  642  7  214b  9  714  25  102a  6  742  9  371a  4  770  9  77a  9  3  154a  1  798  25  57a  3  870  13  58a  1  910  9  65a  3  930  7  155c  2  966  25  138a  7  1122  5  374a  5  1190  3  238b 1 49  123b  19  11  615a  2  1254  5  57a  1  1290  49  129a  3  49  215a  3  1410  49  141d  20  7  705a  10  1590  49  53a  54  7  265a  6  7  795a  10  2310  17  77a  1  17  1155a  9  2730  11  65a  7  11 455a 3
For the pair (N, E) = (1110, 185c), we proceed as follows. Suppose that the pair (N, E) is bielliptic. For p = 2, we know that X 0 (1110) modulo 2 is the copy of two curves X 0 (555)/F 2 , and the normalization of X * 0 (1110)/F 2 is the curve X * 0 (555)/F 2 (cf. [10] ). Since 2 does not divide the conductor of E, then E/F 2 is an elliptic curve that is the quotient curve of X * 0 (555)/F 2 by an involution defined over F 2 . Therefore, n(555, E, 2 k ) ≤ 0. We get n(555, E, 2) = 1 and, thus, the pair (1110, E) can be discarded.
After applying the two sieves, the following possibilities for the pairs (N, E), ordered by the genus, remain: 
We take a basis of Ω . They correspond to the elliptic curves in the statement. By the splitting of the jacobians and the equations of these curves, we obtain that all their automorphism groups have order 2. It is easy to check that the automorphism groups of the remaining curves are trivial. Proof. The splitting of J * 0 (N) is:
In all cases, dim L 2 = 1. Next, we show a generator Q 2 (x, y, z, t) ∈ L 2 :
−42t 2 − 5tx + 2ty − 10xy + 22y 2 + 48tz − 15xz + 6yz − 3z 2 with T , we obtain a genus one curve, whose j-invariant is 15438249/2960. Checking [7, Table1] , the elliptic quotient has conductor 370 and label a1. The polynomials Q 2 and Q 3 show that u is the only nontrivial involution of the curve. It is clear that the remaining curves, except X * 0 (366), have trivial automorphism group.
Looking at the polynomial Q 2 for N = 366, we may ask whether one of the two linear maps (ω 1 , ω 2 , ω 3 , ω 4 ) → ±(−ω 1 , −ω 2 , ω 3 , ω 4 ) comes from an involution u of X * 0 (366). After determining L 3 , the answer is affirmative. Hence, Jac(X * 0 (366)) is isogenous over Q to E61a × E122a or A f 3 . After checking which of the vector subspaces ω 1 , ω 2 or ω 3 , ω 4 provides a hyperelliptic curve, the right answer is A f 3 , and an equation for the quotient curve X *
Remark 25. It is expected that the automorphism group of X * 0 (N) is trivial for a large enough N and, thus, the genera of the quotients curves by nontrivial involutions are bounded. The curve X * 0 (366) shows that if this bound exists, then it is at least 2. Proof. The splitting of J * 0 (N) for the curves of genus 5 in the statement is:
In all cases to study (N, E), we have dim L 2,i = 0, with i the one corresponding to E. More explicitly, for N = 402, 714, 798, 910 we have dim L 2,2 = 0, for N = 438, dim L 2,1 = 0, and for N = 910, also dim L 2,3 = 0.
For the curves of genus 6, the splitting of J * 0 (N) is:
In all cases, dim L 2,1 = 1. Hence, dim L 2,1 = 1 < dim L 2 = 6. For N = 898, also dim L 2,1 = 1.
Finally, the splitting for the curve X * 0 (870) of genus seven is:
In this case, dim L 2,2 = dim L 2,3 = 4 < dim L 2 = 10.
As a consequence of the previous results, we obtain the statement of Theorem 1 for N even. For these values of N automorphism group has order 2 when g * N > 2, otherwise it is the Klein group.
Quadratic points
Let us now prove Theorem 2. We know by [15] that if N is square-free and X * 0 (N) is hyperelliptic, then g * N = 2. On the other hand, a genus two curve defined over a number field K is hyperelliptic over K and, thus, all genus two curves X * 0 (N) are hyperelliptic over Q. The set of values of N in Theorem 2 are those for which g * N = 2 and those such that X * 0 (N) is bielliptic and g * N ≥ 3. This is due to the fact that, when g * N ≥ 3, the quotient curve is always an elliptic curve with rank equal to 1 (see [7, Table1] ). Hence, all these values of N are exactly the values for which Γ 2 (X * 0 (N), Q) is infinite (cf. [5, Theorem 2.14]).
Appendix
Here we list the values N such that g * N ≤ 2. The table for genus 2 reproduces the one in [14] . The tables for genus 0 or 1 are taken from [12] . We note that the value N = 141, which does not appear in Proposition 1.1 of [12] , is included in the appendix of this paper and here. 
